For turbulence, although the two-point velocity difference u(x + r) − u(x) at each scale r has been studied in detail, the velocity average [u(x + r) + u(x)]/2 has not thus far. Theoretically or experimentally, we find interesting features of the velocity average. It satisfies an exact scale-by-scale energy budget equation. The flatness factor varies with the scale r in a universal manner. These features are not consistent with the existing assumption that the velocity average is independent of r and represents energy-containing large-scale motions alone. We accordingly propose that it represents motions over scales ≥ r as long as the velocity difference represents motions at the scale r.
I. INTRODUCTION
Suppose that a velocity component u(x, t) is obtained at time t along a one-dimensional cut x of a turbulent flow. The ensemble average u has been subtracted, so as to have u = 0 anywhere below. Then, the two-point velocity difference u − and average u + are defined at each scale r as u − (r, x, t) = u(x + r, t) − u(x, t),
u + (r, x, t) = u(x + r, t) + u(x, t) 2 .
While u − has been studied in detail, 1,2 u + has not thus far. We are interested in u + and are to study its statistical features.
Sreenivasan and Dhruva 3 studied the probability density distribution of u + (r) in atmospheric turbulence. The shape of the distribution was close to that of u, regardless of the scale r.
Tatsumi and Yoshimura 4,5 studied the probability density distribution of u + (r) at each scale r in a theoretical manner, by applying a closure approximation to homogeneous isotropic turbulence.
Hosokawa 6 found an exact relation for turbulence that is homogeneous in the x direction. Since u(x + r) 3 = u(x) 3 , where · denotes an ensemble average, Eq. 
Through this equation, Kolmogorov's 7 four-fifth law for the longitudinal velocity at small scale r in the inertial range Here ε is the energy dissipation rate. Kholmyansky and Tsinober 8 confirmed Eq. (3b) in atmospheric turbulence. Exact relations were also found by Hill 9 and Germano.
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These studies tend to assume that, although u − (r) represents motions at the scale r, 1,2 u + (r) does not depend on r and represents energy-containing large-scale motions alone. 3, 6, 8, 9 If this were the case, u 2 + (r)u − (r) = 0 for r in the inertial range [Eq. (3b)] would imply a correlation between small-scale motions in the inertial range and large-scale motions in the energy-containing range.
6,8
Such a correlation is of interest because still controversial is whether or not small-scale motions are statistically independent of large-scale motions.
3,11-14
However, it is necessary to reconsider the assumption for u + (r). We find that u 2 + satisfies an exact scale-byscale energy budget equation that involves Eq. (3b). We also use experimental data to find that u
varies with r in a universal manner. Thus, albeit dominated by large-scale motions, u + (r) reflects motions at the scale r. 4, 5 We accordingly propose an assumption that u + (r) represents motions over scales ≥ r. Since the correlation of u 2 + (r) with u − (r) in Eq. (3b) is attributable to motions at the scale r, there is no more need to invoke a correlation between small-and large-scale motions. We discuss this and other implications.
II. EXPERIMENTAL DATA
Experimental data of grid turbulence, boundary layer, and jet are used here. They were obtained with a wind tunnel in our recent work. 15 We outline the experiments and the data. Their parameters are shown in Table I .
A. Grid turbulence
For the grid turbulence, we set a grid across the wind tunnel. The grid was made of rods with 0.04 × 0.04 m 2 in cross section and 0.20 m in separation. At x wt = 3.5 m downstream of the grid, a hot-wire anemometer was used to measure the streamwise velocity U + u(t wt ) and the spanwise velocity v(t wt ). Here U is the average, whereas u(t wt ) and v(t wt ) are temporal fluctuations. The data are long so that their statistical significance is high. Also at x wt = 3.25 m and 3.75 m, we measured U + u(t wt ). This measurement was not simultaneous with the above measurement but was under the same condition. The temporal fluctuations u(t wt ) and v(t wt ) measured at position x wt are converted into the spatial fluctuations u(x) and v(x) at time t, by using Taylor's frozen-eddy hypothesis x = −U t wt and t = x wt U .
Since the grid turbulence was stationary in t wt and was decaying in x wt , it is homogeneous in x and is decaying in t. 14, 16 The data at x wt = 3.25 m and 3.75 m are used to estimate ∂ t u 2 and so on at the time t corresponding to x wt = 3.5 m.
B. Boundary layer and jet
The data of the boundary layer and jet were obtained in the same manner as for the grid turbulence. For the boundary layer, roughness was set over the floor of the wind tunnel. The measurement was done in the log-law region at a streamwise position x wt where the boundary layer had been well developed. For the jet, a nozzle was set within the wind tunnel. The measurement was done where the flow had become turbulent. Since these measurements were under stationary conditions, we use Taylor's hypothesis to obtain spatial fluctuations that are homogeneous in the x direction [Eq. (4)].
To explore common features, we compare the boundary layer and jet with the grid turbulence. The comparison is based on the correlation length L u (Table I) , which represents large scales and also serves as the typical size of energy-containing eddies.
III. MEANING OF VELOCITY AVERAGE
Usually, statistics of u − (r) and v − (r) are discussed by assuming that u − (r) and v − (r) represent motions at the scale r.
1,2 To be exact, we also have to consider motions at scales < r. Their contributions to u − (r) and v − (r) are nevertheless negligible as long as r is not too large.
17 This is because the energy distribution of a turbulent flow is a continuously and rapidly increasing function of the scale r up to about the correlation length L u .
Then, as long as r is not too large for u − (r) and v − (r) to be safely assumed as representatives of motions at the scale r, we assume u + (r) and v + (r) as representatives of motions over scales ≥ r. If this is the case, u + (r) and v + (r) reflect motions at the scale r, albeit dominated by motions at the larger scales, > r. Those at scales < r also contribute to u + (r) and v + (r), but they are expected to be negligible as long as they are negligible in u − (r) and
Our assumption is justified by using the experimental data to compare u 2 + (r) with ū 2 (r) . Here,
FIG. 2. Statistics for boundary layer as a function of r/η. (a)
which defines the motions over scales ≥ r because those at scales < r have been smoothed away. The results are shown in Figs. 1(a), 2(a), and 3(a). We observe u
where it is safe to assume u + (r) as a representative of motions over scales ≥ r. This is not the case for r L u , where motions at scales < r are no longer negligible in u 2 + (r) as well as in u 2 − (r) and accordingly these two are constant.
Our assumption is self-consistent. For example, in the limit r → 0, u + (r) and v + (r) reduce to u and v that represent motions over all the scales.
The scales of motions could be also defined with wave number k. We have
where E u (k) is the energy spectrum. This is consistent with our assumption because 1 + cos(kr) is maximal at k = 0 and falls to zero at k = π/r, where 1 − cos(kr) is maximal. 18 However, being localized in the x space, u + or u − is not localized in the k space. For the scales, our definition based on Eq. (5) is preferable.
Phenomenologically, u − (r) and v − (r) represent the deformation and rotation of an eddy with size r, respectively, if r does not exceed the typical size of energycontaining eddies, L u . This is just the r range for u − (r) and v − (r) to represent motions at the scale r [ Figs. 1(a),  2(a), 3(a) ]. Likewise, we assume u + (r) and v + (r) as the advection of an eddy with size r. The advection is due to sweeping by nearby eddies with sizes r, being consistent with the above assumption that motions over scales ≥ r are represented by u + (r) and v + (r).
Between u + and u − , exact statistical relations exist if the turbulence is homogeneous in the x direction. 6 We have already mentioned u 3
The same relations exist between v + and v − . For each r, the mean total energy u 2 is decomposed into the 2) ]. This correlation is through motions at the scale r, if we ignore motions at scales < r.
The relations in Eqs. (2) and (7) are not restricted to the homogeneous turbulence. The same relations exist in turbulence that is isotropic throughout the scales. 8, 19, 20 We nevertheless focus on the homogeneous turbulence, which is more common than the isotropic turbulence. For example, an experiment is usually under a stationary condition. The measured temporal fluctuations are converted by Taylor's hypothesis into spatial fluctuations that are homogeneous in the x direction [Eq. (4)].
IV. ENERGY BUDGET EQUATION
The scale-by-scale energy budget is studied in terms of u 2 + . We consider turbulence that is homogeneous and isotropic throughout the scales and also is decaying freely in time, for which an exact equation is known:
Thus
which is from the asymptote u(x + r)u(x) → 0 for r → ∞. The results are
∂ ∂t
These equations offer different descriptions of the same energy budget. By using Eqs. (2) For the grid turbulence, Fig. 1(c) shows values of the terms of Eqs. (10a) and (10b). 22 Their corresponding terms are actually not distinguishable at all.
The left-hand side of Eq. (10) is just a weighted average of ∂ t u 2 − (R) or ∂ t u 2 + (R) over R ≥ r, which describes the mean rate of the total loss of the energy over scales ≥ r. It reduces to −3∂ t u 2 /2 = ε as r → 0 and to 0 as r → ∞. The first term in the right-hand side of Eq. (10) describes the mean rate of the energy dissipation into heat over scales ≥ r. It reduces to 15ν (∂ x u) 2 = ε as r → 0 and to 0 as r → ∞. These two are balanced with the second term, which describes the mean rate of the energy transfer across r from the larger to the smaller scales.
23
The transfer term for u When the scale r is small enough to lie in the inertial or dissipative range, the left-hand side of Eq. (10a) is able to be replaced by ε :
This equation in turn applies to small scales of any turbulence that is isotropic over these small scales. 7, 11 If the turbulence is also homogeneous in the x direction, Eq. (10b) is likewise rewritten as
For the boundary layer and jet, Figs. 2(c) and 3(c) show values of the terms in the right-hand sides of Eqs. (11a) and (11b).
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Within the inertial range, the right-hand sides of Eqs. (11a) and (11b) are dominated by the second terms. They correspond to Eqs. (3a) and (3b). That is, while the transfer term for u 2 − in Eq. (11a) corresponds to Kolmogorov's 7 four-fifth law (3a), the transfer term for u 2 + in Eq. (11b) corresponds to Hosokawa's 6 relation (3b).
V. ENERGY TRANSFER RATE
To understand how the mean rates of energy transfer −5 u The local rate of energy transfer is known to fluctuate markedly. 24, 25 This fluctuation could be related to those of −5u 3 − (r)/4r and 15u 2 + (r)u − (r)/r, although they are not exactly identical to the local rate.
Phenomenologically, when an eddy typical for the size r deforms and breaks apart into the smaller daughter eddies, the deformation energy u . 5 This range is too narrow to exhibit a power-law scaling ∝ r ζ such as those known for u n − (r) .
1,2
The r dependences of u n + (r) and v n + (r) are also subject to large-scale motions that depend on the configuration for turbulence production. For example, although exactly isotropic turbulence exhibits u 2 . With a decrease in r, those of u − (r) and v − (r) increase as a result of the small-scale intermittency.
2 Those of u + (r) and v + (r) are constant within ±1%. The reason is the predominance of largescale motions. In fact,
as r → 0,
These asymptotic values are the same if u 4 / u 2 2 = 3, which is close to the case of the grid turbulence (Table  I) . However, in more detail, the flatness factors of u + (r) and v + (r) vary with the scale r, exhibiting maxima at r ≃ L u and minima at r ≃ 10 −1 L u . Albeit of small amplitude, these variations are still above the statistical uncertainties that are seen as rapid fluctuations at r 10 1 L u . The same variation exists for the flatness factor of v + (r) in the boundary layer and jet [ Figs. 2(b) and  3(b) ].
26
For the observed variations of the flatness factors, we attempt an explanation, which is not complete but would serve as a guide for future studies. When r is not too large, u + (r) represents the advection of an eddy with size r, which is due to sweeping by nearby eddies. If each of them has the same sweeping direction, the corresponding u + value tends to lie at the tail of the u + distribution. Since eddies with sizes r do not contribute to the sweeping, an increase in r shortens the above tail. The flatness factor becomes small. With a further increase in r, eddies with sizes r become sparse. The u + distribution becomes enhanced at u + ≃ 0, i.e., cases of no eddies. The flatness factor becomes large. Finally, when r exceeds the typical size L u of energy-containing eddies, their random relative motions become dominant. The flatness factor tends toward the Gaussian value of 3 [Eq. (12)].
VII. CONCLUDING REMARKS
The velocity averages u + (r) and v + (r) represent motions over scales ≥ r, as long as r is not too large for motions at scales < r to be negligible, i.e., for the velocity differences u − (r) and v − (r) to be safely assumed as representatives of motions at the scale r. Phenomenologically, while u − (r) and v − (r) represent the deformation and rotation of an eddy with size r, u + (r) and v + (r) represent the advection of such an eddy.
The motions over scales ≥ r are defined byū(r), i.e., velocity smoothed over the scale r [Eq. (5)]. When r is not too large, we observe u We have also found that the flatness factors of u + (r) and v + (r) vary with r in a manner that is independent of the configuration for turbulence production 
They are localized around x = 2 −n mr * , where r * is some unit scale. While S n,m (x) represents motions over scales r 2 −n r * , W n,m (x) represents motions at the scale r ≃ 2 −n−1 r * . If 2 −n r * is not too large, the transform u W is analogous to the velocity difference u − .
27,29 The transformũ S is analogous to the velocity average u + . There exist various wavelets based on various definitions of the scales. Those for Haar's wavelet [28] [29] [30] are the same as defined for the present study [Eq. (5)].
Tatsumi and Yoshimura 4,5 proposed a closure approximation that u + is statistically independent of u − at each scale, which is interpreted as an approximation of statistical independence between the advection u + (r) and deformation u − (r) of eddies with each size r. This is exact in many cases [Eq. (7b) ]. An exception is the correlation of u There is a controversy as to whether or not small-scale motions in the dissipative and inertial ranges are statistically independent of large-scale motions in the energycontaining range. To conclude this paper, we underline that further studies of u + and v + are promising. [3] [4] [5] [6] [8] [9] [10] For the above and other issues, u + and v + could reveal new features and offer new insights. This is because the description of turbulence by u + and v + differs from the existing description by u − and v − , and also because u + and v + satisfy exact equations like Eq. (10b) that serve as the firm theoretical basis.
